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Projections of cartesian products of the self-similar
sets without the irrationality assumption
Kan Jiang
Abstract
Let β > 1. Define a class of similitudes
S =
{
fi(x) =
x
βni
+ ai : ni ∈ N+, ai ∈ R
}
.
Let A be the collection of all the self-similar sets generated by the similitudes from
S. In this paper, we prove that for any θ ∈ [0, pi) and K1,K2 ∈ A, Projθ(K1×K2)
is similar to a self-similar set or an attractor of some infinite iterated function
system, where Projθ denotes the orthogonal projection onto Lθ, and Lθ denotes
the line through the origin in direction θ. As a corollary, dimP (Projθ(K1×K2)) =
dimB(Projθ(K1 ×K2)) holds for any θ ∈ [0, pi) and any K1,K2 ∈ A, where dimP
and dimB denote the packing and upper box dimension. Whether Projθ(K1×K2)
is similar to a self-similar set or not is uniquely determined by the similarity ratios
of K1 and K2 rather than the angle θ. When Projθ(K1 ×K2) is similar to a self-
similar set, in terms of the finite type condition [12], we are able to calculate in
cerntain cases the Hausdorff dimension of Projθ(K1 ×K2). If Projθ(K1 ×K2) is
similar to an attractor of some infinite iterated function system, then by virtue of
the Vitali covering lemma [3] we give an estimation of the Hausdorff dimension
of Projθ(K1 ×K2). For some cases, we can calculate, by means of Mauldin and
Urbanski’ result [9], the exact Hausdorff dimension of Projθ(K1 ×K2). We also
find some non-trivial examples such that for some angle θ ∈ [0, pi) and some
K1,K2 ∈ A, dimH(Projθ(K1 ×K2)) = dimH(K1) + dimH(K2).
1 Introduction
Let Lθ be the line through the origin in direction θ, and Projθ denotes the orthogonal
projection onto Lθ. Given two Borel sets A,B ∈ R, analyzing the set Projθ(A × B) is
a crucial topic in geometric measure theory. The classical Marstrand theorem [3] states
that
Theorem 1.1. Given two Borel sets A,B ∈ R.
(1) If dimH(A) + dimH(B) ≤ 1, then for almost all θ ∈ [0, π),
dimH(Projθ(A× B)) = dimH(A) + dimH(B);
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(2) If dimH(A) + dimH(B) > 1, then for almost all θ ∈ [0, π), Projθ(A × B) has
positive Lebesgue measure.
Unfortunately, Marstrand theorem does not offer any information for a specific angle θ.
For the self-similar sets, Peres and Shmerkin [13], Hochman and Shmerkin [6] proved
the following elegent result.
Theorem 1.2. Let K1 and K2 be two self-similar sets with IFS’s {fi(x) = rix+ ai}ni=1
and {gj(x) = r′jx+ bj}mj=1, respectively. If for any ri, r′j,
log |ri|
log |r′j|
/∈ Q,
then
dimH(K1 +K2) = min{dimH(K1) + dimH(K2), 1},
and
dimH(K1 +K2) = dimP (K1 +K2) = dimB(K1 +K2).
The condition in Theorem 1.2 is called the irrationality assumption. Note thatK1+K2 is
similar to Projpi/4(K1×K2). Therefore, Theorem 1.2 states that under the irrationality
assumption, the Hausdorff dimension of the projection of two self-similar sets through
the angle π/4 does not decrease. Peres and Shmerkin indeed [13] proved a general result
in R2, i.e. if the group generated by the rotations of IFS is dense in [0, π), then for any
angle θ ∈ [0, π), the Hausdorff dimension of the projection of the attractor coincides
with the expected Hausdorff dimension. However, without the irrationality assumption,
generally the dimension of Projθ(K1 × K2) may drop. In this paper, we consider the
following class of similitudes: let β > 1, define a class of similitudes
S :=
{
fi(x) =
x
βni
+ ai : ni ∈ N+, ai ∈ R
}
.
Let A be the collection of all the self-similar sets generated by the similitudes from S.
In [13], Peres and Shmerkin proved the following result.
Theorem 1.3. For any K1, K2 ∈ A such that their Hausdorff dimensions coincide with
the associated similarity dimensions, then there exists some θ ∈ [0, π) such that
dimH(Projθ(K1 ×K2)) < min{1, dimH(K1) + dimH(K2)}.
Generally, the Hausdorff dimension of Projθ(K1×K2) is difficult to calculate. The main
aim of this paper is to analyze the set Projθ(K1 × K2), and give an estimation of its
Hausdorff dimension.
The following are the main results of this paper.
Theorem 1.4. Given any θ ∈ [0, π), and any K1, K2 ∈ A, Projθ(K1 ×K2) is similar
to a self-similar set or an attractor of some infinite iterated function system.
In terms of Theorem 1.4, we have the following corollaries.
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Corollary 1.5. For any θ ∈ [0, π) and any K1, K2 ∈ A,
dimP (Projθ(K1 ×K2)) = dimB(Projθ(K1 ×K2)).
Corollary 1.6. Given k ≥ 1. Suppose that β is a Pisot number. Let K1 be the attractor
of the following IFS {
fi(x) =
x
βk
+ ai, 1 ≤ i ≤ n
}
,
and K2 be the attractor of the following IFS{
gj(x) =
x
βljk
+ bj , 1 ≤ j ≤ m
}
,
where lj ∈ N+. If ai, bj , tan θ ∈ Z[β], 1 ≤ i ≤ n, 1 ≤ j ≤ m, then Projθ(K1 × K2) is
similar to a self-similar set with the finite type condition [12]. Moreover, the Hausdorff
dimension of Projθ(K1 ×K2) can be calculated explicitly.
Corollary 1.7. Given θ ∈ [0, π), and K1, K2 ∈ A. Suppose that Projθ(K1 × K2)
is similar to an attractor with infinite iterated function system. Then there exist two
attractors J1, J2 with infinite iterated function systems such that
s1(θ) ≤ dimH(Projθ(K1 ×K2)) ≤ s2(θ),
where s1(θ) is the Hausdorff dimension of J1, and s2(θ) is the similarity dimension of
J2.
For some cases, even though Projθ(K1 ×K2) is similar to some attractor with infinite
iterated function system which does not satisfy the open set condition, we can still
calculate the exact Hausdorff dimension of Projθ(K1 ×K2). The following example is
one of the typical cases.
Example 1.8. Let K1 = K2 be the attractor of the IFS{
f1(x) =
x
β4
, f2(x) =
x+ β8 − 1
β8
}
.
Suppose that β > 1.39, then for any θ ∈
(
arctan
β12 − β8 + 1
β12 − β8 − β4 , arctan
β12 − 2β4
β12 − β8 + 1
)
dimH(Projθ(K1 ×K2)) =
log
√
1 +
√
5
2
log β
= dimH(K1) + dimH(K2).
Let θ = arctan
β8 − 1
β8 − β4 + 1 and β > 1.41. Then
dimH(Projθ(K1 ×K2)) = log γ
log β
< dimH(K1) + dimH(K2),
where γ ≈ 1.2684 is the largest real root of
x20 − 2x16 − 2x12 + x8 + x4 − 1 = 0.
We can find similar examples as Example 1.8 and calculate the Hausdorff dimension of
Projθ(K1 ×K2) for some explicit angle θ.
This paper is arranged as follows. In section 2, we give the proofs of the main results.
In section 3 we analyze Example 1.8. Finally, we give some remarks.
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2 Proof of Theorem 1.4
2.1 Preliminaries and some key lemmas
In this section, we shall prove that Projθ(K1 × K2) is similar to a self-similar set or
an attractor with infinite iterated function system. First, we introduce some definitions
and results. The definition of self-similar set is due to Hutchinson [7]. Let K be the
self-similar set of the IFS {fi}mi=1. For any x ∈ K, there exists a sequence (in)∞n=1 ∈
{1, . . . , m}N such that
x = lim
n→∞
fi1 ◦ · · · ◦ fin(0).
We call (in) a coding of x. We can define a surjective projection map between the
symbolic space {1, . . . , m}N and the self-similar set K by
π((in)
∞
n=1) := lim
n→∞
fi1 ◦ · · · ◦ fin(0).
Usually, the coding of x is not unique [1, 2]. Given two self-similar sets K1 and K2
from the class A. Suppose that the IFS’s of K1 and K2 are {fi(x) = xβni + ai}ni=1 and
{gj(x) = xβmj + bj}mj=1, respectively. Note that
fi(x) =
x
βni
+ ai =
x+ βniai
βni
=
x
βni
+
0
β
+
0
β2
+ · · ·+ 0
βni−1
+
βniai
βni
.
Therefore, we can identify fi(x) with a block (000 · · ·0︸ ︷︷ ︸
ni−1
a
′
i), where a
′
i = β
niai. Conversely,
any block (000 · · ·0︸ ︷︷ ︸
ni−1
a
′
i) can determine a unique similitude with respect to β. For simplic-
ity we denote this block by Pˆi = (000 · · ·0︸ ︷︷ ︸
ni−1
a
′
i). In what follows, we identify fi with fPˆi.
Similarly, we may define blocks in terms of the IFS of K2. Let D1 = {Pˆ1, Pˆ2, · · · , Pˆn}
and D2 = {Qˆ1, Qˆ2, · · · , Qˆm}, where Pˆi = (000 · · ·0︸ ︷︷ ︸
ni−1
a
′
i), a
′
i = β
niai, Qˆj = (000 · · ·0︸ ︷︷ ︸
mj−1
b
′
j)
and b
′
j = β
mjbj . The following lemma is trivial.
Lemma 2.1.
K1 = {x = lim
n→∞
fPˆi1
◦ fPˆi2 ◦ · · · ◦ fPˆin (0) : Pˆij ∈ D1}.
K2 = {y = lim
n→∞
gQˆi1
◦ gQˆi2 ◦ · · · ◦ gQˆin (0) : Qˆij ∈ D2}.
We call the infinite concatenation Pˆi1 ∗ Pˆi2 ∗ · · · (Qˆi1 ∗ Qˆi2 ∗ · · · ) a coding of x (y).
Lemma 2.2. For any θ ∈ (0, π) \ π/2, Projθ(K1 ×K2)) is similar to K1 + tan(θ)K2.
P rojpi/2(K1 ×K2)) = K2.
Proof. Note that Projθ(x, y) is point on the line Lθ at distance
x cos θ + y sin θ = (x+ sy) cos θ,
where s = tan θ.
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By Lemma 2.2, if we want to analyze (Projθ(K1 ×K2)), it suffices to consider the set
K1 + sK2, where s = tan θ.
The infinite iterated function systems (IIFS) play a pivotal role in this paper, we first
introduce some definitions and related results of this powerful tool.
There are two definitions of the invariant set of IIFS, see for example, [4], [9] and [5].
We adopt Fernau’s definition [4].
Definition 2.3. Let A = {φi(x) = rix+ ai : i ∈ N+, 0 < ri < 1, ai ∈ R}. Suppose that
there exists a uniform 0 < c < 1 such that for every φi ∈ A, |φi(x) − φi(y)| ≤ c|x− y|,
then we say A is an infinite iterated function system. The unique non-empty compact
set J is called the attractor (or invariant set) of A if
J =
⋃
i∈N
φi(J),
where A denotes the closure of A. We call s0, which is the unique solution of the equation∑∞
i=1 r
s
i = 1, the similarity dimension of J .
In [9], Mauldin and Urbanski gave another definition of the attractor of IIFS, i.e.
J0 ,
⋃
{φin}∈A
∞⋂
n=1
φi1 ◦ φi2 · · · ◦ φin([0, 1]),
which yields that J0 =
⋃
i∈N φi(J0). However, for this definition the attractor J0 may
not be unique or compact, see example 1.3 from [4]. Evidently, J0 = J . In what follows,
J0 means that the attractor is in the sense of Mauldin and Urbanski while J refers to
Fernau’s definition.
The following result can be found in [9, 10, 5]. We shall utilize this result to calculate
the Hausdorff dimension of Projθ(K1 ×K2).
Theorem 2.4. Let J0 be the attractor of some IIFS with the open set condition, then
dimH(J0) = inf
{
t :
∑
i∈N
rti ≤ 1
}
.
The following definitions are defined in a natural way.
Definition 2.5. Let Σ = {s1, · · · , sp}, where si ∈ R, 1 ≤ i ≤ p. Let d1d2 · · · dk and
c1c2 · · · ck be two blocks from {s1, · · · , sp}k. We say the block d1d2 · · · dk is of length k.
Define the concatenation of d1d2 · · · dk and c1c2 · · · ck by
(d1d2 · · · dk) ∗ (c1c2 · · · ck) = d1d2 · · · dkc1c2 · · · ck.
The sum of d1d2 · · · dk and c1c2 · · · ck is defined by (d1 + c1)(d2 + c2) · · · (dk + ck). The
concatenation of t ∈ N blocks with Pˆ1 = d1d2 · · · dk is denoted by
Pˆ t1 = Pˆ1 ∗ Pˆ1 ∗ · · · ∗ Pˆ1︸ ︷︷ ︸
t times
.
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The value of the block Pˆ1 = d1d2 · · · dk in base β > 1 is defined as
(d1d2 · · · dk)β = d1
β
+
d2
β2
+ · · ·+ dk
βk
.
Similarly, given (dn) ∈ {s1 · · · , sp}N, define
(dn)β =
∞∑
n=1
dn
βn
.
Recall that D2 = {Qˆ1, Qˆ2, · · · , Qˆm}, where Qˆj = (000 · · ·0︸ ︷︷ ︸
mj−1
b
′
j) and b
′
j = β
mjbj . We
define a new set D′2 = {sQˆ1, sQˆ2, · · · , sQˆm}, where sQˆj = (000 · · ·0︸ ︷︷ ︸
mj−1
sb
′
j) and b
′
j =
βmjbj , s = tan θ is from Lemma 2.2. The following definition was essentially given in
[8], we slightly modify the definition.
Definition 2.6. Take u blocks
Pˆi1, Pˆi2 , Pˆi3 , · · · , Pˆiu
from D1 with lengths p1, p2, p3, · · · , pu, respectively. Pick v blocks
sQˆj1, sQˆj2, sQˆj3 , · · · , sQˆjv
from D′2 with lengths q1, q2, q3, · · · , qv, respectively. If there exist integers k1, k2, k3, · · · , ku,
l1, l2, l3, · · · , lv such that
u∑
i=1
kipi =
v∑
j=1
ljqj ,
then we call A+B a Matching with respect to β, where
A = Pˆit1 ∗ Pˆit2 ∗ · · · ∗ Pˆitu ,
and there are precisely kp Pˆip ’s in the concatenation Pˆit1 ∗ Pˆit2 ∗ · · · ∗ Pˆitu ,
B = sQˆjw1 ∗ sQˆjw2 ∗ · · · ∗ sQˆjwv ,
and there are precisely lq (sQˆjq)’s in the concatenation sQˆjw1 ∗ sQˆjw2 ∗ · · · ∗ sQˆjwv , where
1 ≤ p ≤ u, ti ∈ {1, 2 · · · , u}, 1 ≤ i ≤ u, 1 ≤ q ≤ v, wj ∈ {1, 2 · · · , v}, 1 ≤ j ≤ v.
Remark 2.7. In [8], the definition of Matching is incorrect. We need a little modi-
fication. Due to the condition
∑u
i=1 kipi =
∑v
j=1 ljqj , it follows that the lengths of A
and B coincide. Therefore, we can define the sum of these two concatenated blocks. A
Matching is also a block which is the sum of some concatenated blocks from D1 and D
′
2,
respectively. To avoid some unnecessary Matchings, in what follows, we always obey the
following rule, i.e. if the new born Matchings can be concatenated by the old Matchings,
then we do not choose these new Matchings.
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Example 2.8. Given β > 1. Let K1 = K2 be the attractor of the IFS{
f1(x) =
x
β4
, f2(x) =
x+ β8 − 1
β8
}
.
Denote A = β8 − 1, B = sA, C = A+B, s = tan θ.
D1 = {(0000), (0000000A)}, D′2 = {(0000), (0000000B)}.
All the Matchings generated by D1 and D
′
2 is
D = {(0000), (0000000A), (0000000B), (0000000C), (0000000B000A), (0000000A000B), · · ·}.
Note that in this example the lengths of the Matchings should be 4k, k ∈ N+ due to the
lengths of blocks from D1 and D
′
2. Clearly, the block
(00000000000A) = (0000) ∗ (0000000A),
i.e. the block (00000000000A) can be concatenated by another two Matchings. For such
case, we do not take (00000000000A) as a Matching.
The following result can be found in [8].
Lemma 2.9. The cardinality of Matchings which are generated by D1 and D
′
2 is at most
countable.
Denote all the Matchings by
D = {Rˆ1, Rˆ2, · · · , Rˆn−1, Rˆn, · · · }.
Since each Matching determines a similitude with respect to β (the approach is the same
as we identify each similitude of K1 with some block Pˆi), it follows that D uniquely
determines a set of similitudes Φ∞ , {φ1, φ2, φ3, φ4, · · · }. If the cardinality of D is
finite, then K1 + sK2 is clearly a self-similar set. We will prove this fact in the next
subsection. If ♯D is infinite, then we define
E ,
⋃
{φin}∈Φ
∞
∞⋂
n=1
φi1 ◦ φi2 · · · ◦ φin([0, 1]),
and E is a solution of the equation E =
⋃
i∈N
φi(E), [9].
2.2 Proof of Theorem 1.4
First we assume that the cardinality of all Matchings is infinitely countable. In Lemma
2.1 we give a new definition of the codings of Ki, 1 ≤ i ≤ 2. For any x+ sy ∈ K1+ sK2,
we denote the coding of x+sy by (xn+syn)
∞
n=1, where (xn) and (yn) are the codings of x
and y, respectively. By Lemma 2.1, We know that (xn) ((syn)) can be decomposed into
infinite blocks from D1(D
′
2), namely, (xn) = X1 ∗X2 ∗ · · · and (syn) = sY1 ∗ sY2 ∗ · · · .
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Let (an)
∞
n=1 = (xn + syn) be a coding of some point x+ sy ∈ K1 + sK2, where (xn)∞n=1
and (yn)
∞
n=1 are the codings of x ∈ K1 and y ∈ K2, respectively. Given k > 0, we
call (ci1ci2 · · · cik) a word of (ai)∞i=1 with length k if there exists some j > 0 such that
ci1ci2 · · · cik = aj+1 · · · aj+k. Let
C =
{
(an) = (xn + syn) : there exists some N ∈ N+ such that any word of
(aN+i)
∞
i=1 is not a Matching
}
.
Lemma 2.10. Let (an) ∈ C, for any ǫ > 0 we can find a coding (bn)∞n=1 which is the
concatenation of infinite Matchings such that
|(an)β − (bn)β| < ǫ.
Proof. Let (an) ∈ C. For any ǫ > 0, there exists some n0 ∈ N such that β−n0 < ǫ. We
will define some (bn)
∞
n=1 such that its value in base β is a point of E.
Case 1. Suppose a1a2a3 · · · an0 is a Matching or a concatenation of some Matchings,
then we can choose any (bn0+i)
∞
i=1 that is the concatenation of infinite Matchings. There-
fore,
|(an)β−(bn)β| = |(an0+1an0+2an0+3 · · · )β−(bn0+1bn0+2bn0+3 · · · )β| ≤ M
∞∑
i=n0+1
β−i = M ′ǫ,
where M,M ′ are positive constants. Therefore, we have proved that there exists some
point b ∈ E such that
|(an)β − (bn)β| < ǫ.
Case 2. If a1a2a3 · · · an0 is not a concatenation of some Matchings, by virtue of the
definition of (an), (an) = (xn+syn), where (xn) = (X1∗X2∗· · · ), (syn) = (sY1∗sY2∗· · · )
are the codings of some points in K1 and K2, respectively. Suppose that there exist p, q
such that a1a2a3 · · · an0 is a prefix of (X1 ∗ X2 ∗ · · · ∗ Xp) + (sY1 ∗ sY2 ∗ · · · ∗ sYq), the
lengths of X1 ∗ X2 ∗ · · · ∗ Xp and sY1 ∗ sY2 ∗ · · · ∗ sYq may not coincide. Nevertheless,
we may still define the summation of their common prefixes. Assume that the length of
X1 ∗X2 ∗ · · · ∗Xp and sY1 ∗ sY2 ∗ · · · ∗ sYq are k1 and k2, respectively. Then
(X1 ∗X2 ∗ · · · ∗Xp)k2 + (sY1 ∗ sY2 ∗ · · · ∗ sYq)k1
is a Matching or a concatenation of some Matchings as the blocks (X1 ∗X2 ∗ · · · ∗Xp)k2
and (sY1 ∗ sY2 ∗ · · · ∗ sYq)k1 have the same length. Moreover, the initial n0 digits of
(X1 ∗X2 ∗ · · · ∗Xp)k2 + (sY1 ∗ sY2 ∗ · · · ∗ sYq)k1 is a1a2a3 · · ·an0 . Now, we can make use
of the idea in the first case.
Lemma 2.11. E = K1 + sK2.
Proof. For any ǫ > 0 and any x + sy ∈ K1 + sK2, we can find a coding (an) such
that x + sy =
∞∑
n=1
anβ
−n. If there exists a subsequence of integer nk → ∞ such that
(a1a2a3 · · ·ank) is always a concatenation of some Matchings, then by the definition of
E =
⋃
{φin}∈Φ
∞
∞⋂
n=1
φi1 ◦ φi2 · · ·φin([0, 1])
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it follows that x + y ∈ E. If (an) ∈ C, by Lemma 2.10 there exists b ∈ E such that
|b− x− y| < ǫ.
Lemma 2.12.
⋃
i∈N+
φi(K1 + sK2) = K1 + sK2.
Proof. Since
E =
⋃
{φin}∈Φ
∞
∞⋂
n=1
φi1 ◦ φi2 · · ·φin([0, 1])
it follows that E =
⋃
i∈N+
φi(E), which yields that
E =
⋃
i∈N+
φi(E) =
⋃
i∈N+
φi(E) ⊇
⋃
i∈N+
φi(E) =
⋃
i∈N+
φi(K1 + sK2),
i.e. we have ⋃
i∈N+
φi(K1 + sK2) ⊆ K1 + sK2.
Conversely, E =
⋃
i∈N+
φi(E) ⊆
⋃
i∈N+
φi(K1 + sK2), by Lemma 2.11 it follows that
K1 + sK2 ⊂
⋃
i∈N+
φi(K1 + sK2).
Proof of Theorem 1.4: Lemma 2.9 states that there are at most countably many Match-
ings generated by D1 and D
′
2. Suppose that the cardinality of Matchings is infinitely
countable, then by Lemma 2.12, K1 + sK2 is an attractor of Φ
∞. If the cardinality is
finite, then K1+ sK2 is a self-similar set. The proof is similar to Lemmas 2.11 and 2.10.
For this case we may not approximate the coding of x + sy ∈ K1 + sK2. Indeed, we
can directly find a coding which is the concatenation of infinite Matchings such that the
value of this infinite coding is x+ sy, i.e. E = K1 + sK2.
Therefore, in terms of Mauldin and Urbanski’s result [9], Lemmas 2.12 and 2.2, we have
Proposition 2.13. For any θ ∈ [0, π),
dimP (Projθ(K1 ×K2)) = dimB(Projθ(K1 ×K2)).
The following results were proved in [8].
Lemma 2.14. If C is countable, then for any s ∈ R, dimH(E) = dimH(K1 + sK2).
Lemma 2.15. Given any k ∈ N+. Let K1 be the attractor of the following IFS{
fi(x) =
x
βk
+ ai, 1 ≤ i ≤ n− 1, fn(x) = x
β2k
+ an
}
,
and K2 be the attractor of the following IFS{
gj(x) =
x
βk
+ bj , 1 ≤ j ≤ m− 1, gm(x) = x
β2k
+ bm
}
,
where ai, bj ∈ R, 1 ≤ i ≤ n, 1 ≤ j ≤ m. Then C is countable.
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2.3 Dimension of K1 + sK2
In [8], we proved the following results.
Lemma 2.16. If the similarity ratios of K1 are homogeneous, denoted by β
−k, k ∈ N+,
and the similarity ratios of K2 have the form β
−kpj , 1 ≤ j ≤ m, pj ∈ N+, then ♯D is
finite.
Lemma 2.17. If ♯(D) is finite, then K1 + sK2 is a self-similar set.
Proof of Corollary 1.6. Corollary 1.6 follows from Lemmas 2.16, 2.17 and Nagi and
Wang’s finite type condition [12].
We are interested in the case when K1 + sK2 is an attractor of some infinite iterated
function system. For this case, we utilize Moran’s idea [11], and find a sub-infinite
iterated function system such that the new IIFS satisfies the open set condition and the
Hausdorff dimension of two attractors coincides.
For convenience, we introduce the Vitali algorithm. Let Φ∞ = {φ1, φ2, φ3, φ4, · · · } be
the IIFS generated from the set of all the Matchings. The attractor of this IIFS is
E =
⋃
{φin}∈Φ
∞
∞⋂
n=1
φi1 ◦ φi2 · · · ◦ φin([0, 1]).
Define
Ψ∗ = {∪∞k=1 ∪i1···ik φi1 ◦ φi2 · · · ◦ φik}.
Clearly,
Ψ∗(E) = {∪∞k=1 ∪i1···ik φi1 ◦ φi2 · · · ◦ φik(E)}
is a Vitali class of E ([3]). Now we implement the Vitali process. Take any φ ∈ Ψ∗, if
φn has been selected for 1 ≤ n ≤ k, then we pick φk+1 from Ψ∗ satisfying the following
conditions,
(1) φk+1(E) ∩ φi(E) = ∅ for 1 ≤ i ≤ k.
(2) |φk+1(E)| ≥ 2−1 sup{|φ(E)| : φ ∈ Ψ∗ and φ(E) ∩ φi(E) = ∅, 1 ≤ i ≤ k}, where |A|
denotes the diameter of A.
This process is finished if the selection of φk+1 is no longer possible. Denote all the simil-
itudes selected from the Vitali process by Ψ. Moran [11] proved the following theorem.
Theorem 2.18. Let
E =
⋃
{φin}∈Φ
∞
∞⋂
n=1
φi1 ◦ φi2 · · · ◦ φin([0, 1]),
and
G =
⋃
{φin}∈Ψ
∞⋂
n=1
φi1 ◦ φi2 · · · ◦ φin([0, 1]),
Then
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(1) Hs(E) = Hs(G) for any s satisfying ∑φi∈Ψ rsi < ∞, where ri is the similarity
ratio of φi;
(2) dimH(E) = s, where s = inf
{
t :
∑
φi∈Ψ
rti ≤ 1
}
.
Therefore, by means of Lemma 2.11 and Theorem 2.18, it follows that
dimH(Projθ(K1 ×K2)) = dimH(K1 + sK2) ≥ dimH(E) = dimH(G),
which gives an lower bound of dimH(Projθ(K1 × K2)). For the upper bound, we use
the similarity dimension of E. The following lemma is standard.
Lemma 2.19. dimH(Projθ(K1 ×K2)) ≤ s0, where s0 is the solution of∑
φi∈Φ∞
rsi = 1.
Proof. Let δ > 0, there exists some k > 0 such that
|φi1···ik(Cov(E))| ≤ δ,
where Cov(E) denotes the convex hull of E. By the definition of E, it follows that
E =
⋃
i∈N
φi(E).
Then for any k ≥ 1,
∪(i1···ik)∈Nkφi1···ik(Cov(E)) ⊃ E = K1 + sK2.
Therefore,
Hs0δ (K1 + sK2) ≤
∑
(i1···ik)∈Nk
|φi1···ik(Cov(E))|s0 =
∑
(i1···ik)∈Nk
rs0i1 · · · rs0ik |Cov(E)|s0.
Note that
∑
(i1···ik)∈Nk
rs0i1 · · · rs0ik |Cov(E)|s0 ≤
(
∞∑
i=1
rs0i
)k
|Cov(E)|s0 = |Cov(E)|s0 <∞.
Proof of Theorem 1.7. Theorem 1.7 follows from Lemma 2.19, Theorem 2.18.
3 One example
In this section, we give one example to illustrates how to find the Hausdorff dimension
of Projθ(K1 ×K2) in terms of Theorems 2.4 and 2.18.
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Example 3.1. Let K1 = K2 be the attractor of the IFS{
f1(x) =
x
β4
,
x+ β8 − 1
β8
}
.
Suppose that β > 1.39, then for any θ ∈
(
arctan
β12 − β8 + 1
β12 − β8 − β4 , arctan
β8 − 2β4
β12 − β8 + 1
)
dimH(Projθ(K1 ×K2)) =
log
√
1 +
√
5
2
log β
= dimH(K1) + dimH(K2).
Let θ = arctan
β8 − 1
β8 − β4 + 1 and β > 1.41. Then
dimP (Projθ(K1 ×K2)) = log γ
log β
< dimH(K1) + dimH(K2),
where γ ≈ 1.2684 is the largest real root of
x20 − 2x16 − 2x12 + x8 + x4 − 1 = 0.
Denote A = β8 − 1, B = sA, C = A+B. Then
D = {(0000), (0000000A), (0000000B), (0000000C), (0000000B000A), (0000000A000B), · · ·}
The associated IIFS of D is
Φ∞ = {f(x), h1(x), h2(x), φ2n(x), φ2n−1(x), g(x), n ≥ 1},
where
f(x) =
x
β4
, h1(x) =
x
β8
+
A
β8
, h2(x) =
x
β8
+
B
β8
, g(x) =
x
β8
+
A+B
β8
φ2n−1(x) =
x
β4n+8
+
B
β8
+
A
β12
+
B
β16
+ · · ·+ c(n)A + e(n)B
β4n+8
,
φ2n(x) =
x
β4n+8
+
A
β8
+
B
β12
+
A
β16
+ · · ·+ c(n)B + e(n)A
β4n+8
, n ≥ 1,
where
c(n) =
{
1 n is odd
0 n is even
e(n) =
{
1 n is even
0 n is odd
Let O = (0, 1 + s), and I = [0, 1 + s]. It is easy to check the following statements, see
Figure 1.
(1) f(O) ∩ h1(O) = ∅ if and only if s < β4 − β−4 − 1;
(2) h1(O) ∩ h2(O) = ∅ if and only if s > β
8
β8 − 2;
12
(3) h2(O) ∩ φ2(O) = ∅ if and only if s < β
12 − 2β4
β12 − β8 + 1;
(4) φ2n(O) ∩ φ1(O) = ∅ if and only if β
12 − β8 + 1
β12 − β8 − β4 < s;
(5) φ2n−1(O) ∩ g(O) = ∅ if and only if s < β8 − β4 − 1, where n ≥ 1;
(6) φ2n(O) ∩ φ2n+2(O) = ∅ and φ2n−1(O) ∩ φ2n+1(O) = ∅ if and only if
β4
β8 − β4 − 1 < s < β
4 − β−4 − 1,
where n ≥ 1.
0 1 + s
0
f(I) h1(I)h2(I)
1 + s
g(I)φ2(I)φ4(I) φ1(I)φ3(I)
· · · · · · · · · · · · · · · · · ·
Figure 1: First iteration
Hence, if β > 1.39 then the following inequalities hold
β4
β8 − β4 − 1 <
β8
β8 − 2 <
β12 − β8 + 1
β12 − β8 − β4 <
β12 − 2β4
β12 − β8 + 1 < β
4 − β−4 − 1 < β8 − β4 − 1.
In other words, let θ ∈
(
arctan
β12 − β8 + 1
β12 − β8 − β4 , arctan
β8 − 2β4
β12 − β8 + 1
)
, then Φ∞ satisfies
the open set condition with the open set (0, 1+s). In terms of Theorem 2.4 and Lemma
2.14, it follows that
dimH(Projθ(K1 ×K2)) = log γ
∗
log β
,
where γ∗ is largest real root of x12 − 2x8 − 2x4 + 1 = 0. It is easy to check that
γ∗ =
√
1 +
√
5
2
.
For the second case, note that s = tan θ =
β8 − 1
β8 − β4 + 1 if and only if h2 ◦ g = φ2 ◦ f.
Moreover, if β > 1.41, then
β8
β8 − 2 <
β8 − 1
β8 − β4 + 1 <
β12 − β8 + 1
β12 − β8 − β4 <
β12 − 2β4
β12 − β8 + 1 .
In this case the IIFS does not satisfy the open set condition, see the first iteration in
Figure 2. We make use of the Vitali process to find the Ψ. It is not difficult to check
that in Φ∞ only for the pair (h2, φ2), h2(O) ∩ φ2(O) 6= ∅. For other similitudes
(S1(x), S2(x)) 6= (h2, φ2),
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0 1 + s
0
f(I) h1(I)
h2(I)
1 + s
g(I)φ2(I)φ4(I) φ1(I)φ3(I)
· · · · · · · · · · · · · · · · · ·
Figure 2: First iteration
(Si(x) ∈ Φ∞, i = 1, 2), S1(O) ∩ S2(O) = ∅, see the first iteration in Figure 2.
Hence, we implement the Vitali process and find all the similitudes of Ψ, i.e.
Ψ = {Φ∞ \ {φ2}} ∪ ∪∞k=1{φ2k(Φ∞ \ {φ2, f})},
where φ2k(Φ
∞ \ {φ2, f}) = {φ2k ◦ h : h ∈ Φ∞ \ {φ2, f})} for any k ≥ 1.
By Theorem 2.18 and Lemma 2.14, it follows that dimH(Projθ(K1 × K2)) = log γ
log β
,
where γ ≈ 1.2684 is the largest real root of
x20 − 2x16 − 2x12 + x8 + x4 − 1 = 0.
4 Final remarks
We can obtain the following stronger result.
Theorem 4.1. Take any K1, K2, · · · , Kn ∈ A and any real numbers p1, · · · , pn. If there
are some 1 ≤ i 6= j ≤ n such that pi, pj 6= 0, then
p1K1 + p2K2 + · · ·+ pnKn =
{
n∑
i=1
pixi : xi ∈ Ki, 1 ≤ i ≤ n
}
is a self-similar set or an attractor of some infinite iterated function system.
The proof of this result is similar to Theorem 1.4. Therefore, we can consider the set
Projθ(K1 ×K2 × · · · ×Kn),
and obtain similar result as Theorem 1.4. Finally, we pose the following question:
Question 4.2. Take K1, K2 ∈ A and θ ∈ [0, π). If
dimH(Projθ(K1 ×K2)) = dimH(K1) + dimH(K2),
then must the IFS (IIFS) of the attractor, which is similar to Projθ(K1 ×K2), satisfy
the open set condition?
Acknowledgements
The work is supported by National Natural Science Foundation of China (Nos.11701302,
11671147). The work is also supported by K.C. Wong Magna Fund in Ningbo University.
14
References
[1] Karma Dajani, Kan Jiang, Derong Kong, and Wenxia Li. Multiple expansions of
real numbers with digits set {0, 1, q}. arXiv:1508.06138, 2015.
[2] Karma Dajani Kan Jiang, Derong Kong and Wenxia Li. Multiple codings for self-
similar sets with overlaps. arXiv:1603.09304, 2016.
[3] Kenneth Falconer. Fractal geometry. John Wiley & Sons, Ltd., Chichester, 1990.
Mathematical foundations and applications.
[4] Henning Fernau. Infinite iterated function systems. Math. Nachr., 170:79–91, 1994.
[5] Martial R. Hille. Remarks on limit sets of infinite iterated function systems.
Monatsh. Math., 168(2):215–237, 2012.
[6] Michael Hochman and Pablo Shmerkin. Local entropy averages and projections of
fractal measures. Ann. of Math. (2), 175(3):1001–1059, 2012.
[7] John E. Hutchinson. Fractals and self-similarity. Indiana Univ. Math. J., 30(5):713–
747, 1981.
[8] Kan Jiang. Hausdorff dimension of the arithmetic sum of self-similar sets. Indag.
Math. (N.S.),27(3):684-701, 2016.
[9] R. Daniel Mauldin and Mariusz Urban´ski. Dimensions and measures in infinite
iterated function systems. Proc. London Math. Soc. (3), 73(1):105–154, 1996.
[10] Alexandru Mihail and Radu Miculescu. The shift space for an infinite iterated
function system. Math. Rep. (Bucur.), 11(61)(1):21–32, 2009.
[11] M. Moran. Hausdorff measure of infinitely generated self-similar sets. Monatsh.
Math., 122(4):387–399, 1996.
[12] Sze-Man Ngai and Yang Wang. Hausdorff dimension of self-similar sets with over-
laps. J. London Math. Soc. (2), 63(3):655–672, 2001.
[13] Yuval Peres and Pablo Shmerkin. Resonance between Cantor sets. Ergodic Theory
Dynam. Systems, 29(1):201–221, 2009.
Department of Mathematics, Ningbo University, Ningbo, Zhejiang, People’s Republic
of China
E-mail address: kanjiangbunnik@yahoo.com, jiangkan@nbu.edu.cn
15
